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Abstract

Through an 7i-expansion of the confined Calogero model with spin exchange
interactions, we extract a generating function for the involutive conserved
charges of the Frahm—Polychronakos spin chain. The resulting conservation
laws possess the spin chain Yangian symmetry, although they are not expressible
in terms of these Yangians.

PACS numbers: 7510J, 0550, 1110L, 1125H, 1130, 7510J

1. Introduction

Integrable spin chains with long-range interactions have remarkable properties, not the least
being that they furnish a sort of discretization of particular conformal field theories with Lie
group symmetry [1-3]. The archetypal model is the Haldane—Shastry model [4] in which
N su(n) spins placed equidistantly on a circle are coupled by a spin-exchange interaction
proportional to the inverse square of their chord distance:

1

N
1 ZiZj
HES — _ —==Lp,;. (1.1)
2i,j=1 ZijZji

Here, z; = exp (12%) zij = 2 — z; and P;; is the operator which exchanges the ith and
jth spins. The primed sum indicates that the summation variables are restricted to differing
values.

The Haldane—Shastry model possesses a Yangian symmetry algebra which can be taken
as a manifestation of its integrability [1]. The conserved charges directly associated with this
symmetry are not scalar (they transform in the fundamental representation of su(rn)) and do
not commute among themselves (they generate the Yangian algebra, which is non-Abelian).
However, from these charges, one can build a set of N scalar commuting operators which turn
out to be directly related to those obtained in [5]. However, this set does not explicitly contain
the Hamiltonian, in contrast to the natural expectation. Moreover, two additional conservation
laws were known from brute force calculations [1, 6] but did not appear in this sequence.
One expects that, together with HHS | these represent the first few of a new sequence of
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conserved charges. It is natural to try to fit this other sequence in a general scheme based on
the fundamental object at the root of integrability: the monodromy matrix. For the Haldane—
Shastry model, this has been accomplished by Haldane and Talstra [7]. They showed that the
‘new’ conservation laws can be obtained by taking a rather subtle limit of the more general
dynamical spin model.

For the well known XXX model, which has short-range interactions, there are also two
sets of conservation laws: there is a Yangian symmetry [8], out of which scalar conservation
laws can be constructed and, in addition, there is a sequence of conservation laws that includes
the Hamiltonian [9]. These two types of conservation laws are easily distinguished in models
with short-range interactions: the first set is non-local (i.e. the conserved charges involve
interactions of all the spins and they become truly non-local in the continuum limit), while the
set containing the Hamiltonian is local (i.e. the nth member of this sequence has a leading
term describing the interaction of n adjacent sites).

For spin chains with long-range interactions, the distinction between locality and non-
locality is rather artificial, both sets of charges being manifestly non-local. The difference
between these two sets lies in the fact that the Hamiltonian set found by Haldane and Talstra
commutes with the symmetry algebra while the Yangian set does not. Since both sets commute
with the Hamiltonian, this means that the eigenvalues of the Hamiltonian set are degenerate
and characterize a given multiplet while those of the Yangian set can be used to label the
differing states inside the multiplet.

Let us point out, en passant, another major difference between integrable long- and short-
range interacting chains, apart from the relativity of the locality concept. For short-range
interacting chains, there exists a boost operator that allows for a recursive construction of the
local conservation laws. Its origin can actually be traced back to the transfer matrix formalism
and the locality of the interaction [10]. No such operator is known for long-range interacting
chains.

The argument of [7] relies on a limiting formulation of the Haldane—Shastry spin chain.
The model can be viewed as a special reduction of a general Sutherland model (a dynamical
model with sin~ r interaction) with spin degrees of freedom.

The introduction of the spin degrees of freedom in a Calogero-Moser—Sutherland model
is rather direct [11] (see also [12]). If in the classical version of the model, the potential takes
the form ) gf (r;, r;) (up to a possible harmonic part), where g is a coupling constant, the
quantum version reads ) g(g + 1) f (r;, rj). The integrability turns out to be preserved if the
term g(g + 1) is replaced by g(g + K;;) where K;; interchanges the positions i and j. The spin
degrees of freedom can be introduced directly by imposing the K;; to be a spin-exchange instead
of a position-exchange operator. Another approach, albeit less direct, amounts to retaining the
position meaning of K;; but considering states that are symmetric under the interchange of
both the position and the spin variables. The resulting effect is identical.

The transition from a dynamical model with spin degrees of freedom to the spin chain
has been phrased in general terms by Polychronakos in [13]. The idea is simply that from a
dynamical model with spin degrees of freedom, we can somehow freeze the latter to generate a
spin chain. However, this freezing entails a compatibility condition that follows from the
original equations of motion: the position variables must correspond to the zeros of the
potential. For the sin~2 r interaction potential, this fixes the positions of the chain sites to
the roots of unity. Note, on the other hand, that if the potential contains a harmonic piece, this
part does not contribute to the spin interaction potential but it enters in the definition of the
minima (in fact, whenever it is present, it ensures the existence of these minima).

In this paper, we study the Hamiltonian conservation laws of the Frahm—Polychronakos
spin chain [13, 14]. This model originates from a Calogero model with inverse square
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interaction and a harmonic confining potential, augmented with spin degrees of freedom. The
potential minima fix the sites of the chain to correspond to the zeros of the Hermite polynomial
Hy (x), to be denoted x;. The Hamiltonian takes the form
N
) _ l |

252 Xijxji

P;j (1.2)

and we will consider the general case of su(n) spins, each of the N spins belonging to the
fundamental representation. This model has already been shown to be integrable and to possess
a Yangian set of commuting operators [13]. In the following, we will show that Haldane—
Talstra’s argument, formulated here in a somewhat different way, can also be successfully
applied to this model, effectively generating the set of Hamiltonian conservation laws.

2. Integrability and conservation laws

2.1. The Yangian algebra Y [su(n)]

Let us first briefly review the Yangian algebra Y[su(n)] (see for instance [8, 15]) focusing
on its relation to the construction of commuting invariants. For all known integrable spin
chains (except, in fact, for a single and somewhat pathological example [16]), the integrability
property can be traced back to the existence of a monodromy matrix, an n x n matrix of operator
entries which depends on a spectral parameter # and which satisfies the RTT relation:

Ru—v)TVYwWT?@w) =T®0)TYw)Rwu — v). 2.1
Here, the superscripts refer to two auxiliary subspaces in which the matrices act non-trivially,
e.g.
TW () = Tw) @ lnxn (2.2)
2 2

and R, called the R-matrix, is an n° X n° c-number matrix which must satisfy the quantum
Yang—Baxter equation:

R w)R™ u +v)R® (v) = R® (v)R™ (u + v) R (u). (2.3)
The RTT relation ensures that the transfer matrix ¢(u), which is defined as the trace of the
monodromy matrix t(u) = > . _, T (u), satisfies

[t(w), t(v)] =0 2.4

so that its expansion in power series in u~! generates commuting conserved quantities (see
below). The Yang—Baxter relation is simply a compatibility relation for the RTT relation.
A simple solution to the Yang—Baxter equation is given by Yang’s rational solution

R () = u + AP (2.5)

where X is an unspecified deformation parameter and P9 exchanges the auxiliary subspaces i
and j

P2 AOB® — g A2 p(d2) (2.6)

With this choice of R-matrix and with the monodromy matrix expanded in a Laurent series as
(denoting the ab matrix entry of T'(u) as T")

o0
T () = 89 + A Z u~mhab 2.7
m=0
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the RTT relation reduces to the following commutation relation:

m L+m L+m k+m k+m

—1
[Tgab7 Tcd] — 8achb . SCbTad +)"Z{TCb Téa—dk—l . T;,bkflTad } (28)
k=0

From this structure, we can define two sets of commuting operators. One of these is obtained
by the spectral expansion of the transfer matrix

n

[Ie, I.] =0 I, = Z T, (2.9)

a=1
The other set is related to the quantum determinant of the monodromy matrix [17]
Dety[T(w)] = Z e@)T" P (u—@n—DAT*P(u—(n—2)1)...T" ™). (2.10)
€S,

Here, o (7) is the image of i under the permutation o and € (o) is the permutation’s parity with
the sum taken over all permutations of (1 ...n). The quantum determinant is analogous to the
Casimir operator of a Lie algebra in that it commutes with all generators:

[Dety[T(w)], T(v)] =0. (2.11)

This property allows one to define a second set of commuting operators from the coefficients
of the series expansion of Detg [T (u)] in terms of the spectral parameter

Ju, J]=0 Det,[T@)]=1+) u ™Dy, (2.12)
q

m=0
A given Hamiltonian H will therefore be shown to be integrable if one can prove its symmetry
under a non-trivial monodromy matrix
[H, Tw)]=0 (2.13)

which guarantees the conserved character of the involutive sets [, and J,. However,
monodromy matrices are usually formidable objects which do not allow such commutators to be
directly carried out. It is therefore very useful to codify the monodromy matrix in a minimal
form. Such a minimal coding can sometimes be realized in terms of the Yangian algebra
Y [fu(n)]. In fact, defining the lower-order Yangian generators (Q¢, Q’f”) (a,b =1...n)
by

o= —14" =T+ %(TOTO)“” (2.14)
the first few of the commutation relations (2.8) read
[ Sby (c)d] _ 5chgd _ gda 8b [ Sb’ jd] _ 8ch?d _ gda Qib
[0, [or, o 1] - [, [ei'. 0] = {08 [@Qn™, @] 219
—[(QuQu™. [25". (QuQnY]]}-

These three relations define, or more precisely, completely characterize the Yangian algebra
Y[su(n)]. The third relation is a sort of compatibility requirement on the different ways to
reach 0, from multiple commutations involving lower-order charges.

One can reconstruct the whole monodromy matrix strictly from its lower-order Yangians
whenever the former possesses a trivial quantum determinant

Detq[T'(1)] = c-number. (2.16)

' Here and hereafter, we use the obvious matrix notation (TyTp)* = Y Ty Tod’ .
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To justify the last statement, consider the following special cases of the algebra (2.8):

Tl = [T, T+ MTETS — TEE TR (a#d)

}ZZI j cc ca ac ccrpraa ccrpaa (217)
Tt — Tooy = [To, ]+ AT T — T Ta®) (no sum).

The first of these relations allows us to compute any T,;jb (a # D) in terms of the lower-order
generators but the second relation is not sufficient to compute the 7, by recurrence. However,
if (2.16) holds, its spectral expansion gives a set of conditions on Y . _, T which, when
supplemented by (2.17), allows one to compute all the 7% from the lower-order Yangians.
This allows for a tremendous simplification because the symmetry of H under T'(u) then
follows from its symmetry under the induced Y [su(n)] representation

if {Dety[T'()] = c-number} then {[H, Q{7,] =0 = [H, T(w)] =0}. (2.18)

When dealing with an irreducible representation of 7T'(u), the quantum determinant must
necessarily be proportional to the identity and the monodromy matrix can then be represented
by its lower-order Yangians. However, when the considered representation is reducible, one
must exercise care because the quantum determinant may then be a non-trivial operator. In the
case of the Frahm—Polychronakos model, we will see that the symmetry algebra is reducible
but nevertheless possesses a trivial quantum determinant so that in this special case (and for
the Haldane—Shastry model), the monodromy matrix will be solely expressed in terms of its
reducible lower-order Yangians.

2.2. The Yangian representation in terms of Dunkl operators

Having discussed the theory of su(n) Yangians, we now focus on the construction of specific
realizations useful for long-range interaction models. First of all, we work in a Hilbert space
of N particles endowed with su(n) spin, in which the position (momentum) operator of particle i
will be denoted by R; (P;); its spin operators are chosen to be the n> fundamental generators
E® (a,b =1...n) satisfying

[E*, ES] = 6 (8" E{ — 6“E"). (2.19)

We now define an Hermitian exchange operator K
particles i and j:

ij» which permutes the positions of

> 1 i j N 1 i j N
Rij 1ri e ey = POy (2.20)

We stress that in our notation, operator subscripts refer to particles whereas ket subscripts
(superscripts) refer to positions (particles) so that if r,, is the position of the ith particle

1 i N 1 i N
Rilri v @y =rp e Yy @21
The permutation operator K ;j satisfies

Kijf(Ri, P) = f(R;, P)K; KijKj = KuK;

. . A (k, e #1,j). (2.22)
Kij f(Re, Pp) = f(Ry, P)K;; KijKie = KoK

Here, the caret is used to stress that K; ;j is an abstract Hilbert-space operator and therefore
acts trivially on any c-number. This is in contrast with the K;; operator generally used,
which exchanges the position eigenvalues according to K;;7; = r; K;; and which is simply the
position-space representation of this abstract operator:

(Vg LK 1y = K e 1) (2.23)
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In a similar way, one can also define a spin exchange operator
ab __ pabp. .

P E” = E{"P;;

ab __ pabp. .

PEy = E}7 P

In the fundamental basis, this operator takes the simple form

C+£ij). (2.24)

Pj= Y E"EX. (2.25)
a,b=1

Now, in order to eventually establish a link between spatial and spin models, one introduces
a projection IT [18], which consists in projecting onto states that are symmetric with respect
to the joint interchange of position and spin variables, that is, states satisfying K; iPij=1.1In
practice, this projection boils down to the following operation: in a given expression, we move
all K; ; operators to the right and replace them by P;; operators acting in reverse order; e.g.

M {Ki;K i} = P Pyj. (2.26)
This projection possesses the following crucial properties:

[1{AB)} = I[1{A} - T1{B} it [B, Iéi,P,-,] =0

[1{AB} = II{B} - TI{A} it [A, I{B}]=0.

Using this projection technique, one can construct a spin representation of the
algebra (2.8) [19]. This representation is based on given position-space Dunkl operators D;
(and from now on, we will use the over-bar to indicate that an operator acts non-trivially only
in position-space) obeying

Ieijﬁi :5]‘[2,‘]‘

(2.27)

A L (2.28)
[D:i, D;] = »(D; — D)K;;.
By induction, one can in fact prove the more general commutation relation
-1
(D}, D}1=») (D" D" =D, 'D}" )& (2.29)
k=0

from which one can immediately define the following involutive set:

N —
> D). (2.30)
i=1

These quantities are purely spatial; in order to define spin invariants, we can use the
properties (2.27) and (2.29) to show that the currents

[Ie, 1] =0 I

N
Teb = EMn{D;'} 2.31)

i=1
satisfy the monodromy matrix algebra (2.8). The involutive I, set associated with this algebra

is then simply given by

(L, 1] =0 I, =1{I,} =Y n{D;}. (2.32)
i=1
Quite remarkably, the monodromy matrix (2.31) can also be expressed in the form T'(u) =
I1{T’(u)}, with T (1) another representation of the algebra (2.8), given by [18]:
1 N

/ — __/, . T A = —_/- .
T(u)_Z(u)l_[{(u D)1, +0E]} Aw=[Jw-D) (233

i=1 i=1
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. . . . b

where the spin operators have been grouped in matrix form according to (ElT )a = Ef’“ and
the product over i includes both the usual linear matrix product as well as the tensor one. Here,
the 5; are modified Dunkl operators

D =D, —x Z Kij (2.34)

which satisfy the degenerate affine Hecke algebra with respect to position-space permutations

A — — A
Kiiv1D; — D, Kjit1 = A

. 2.35
(D, Dj] =0 2

Using this Hecke algebra, one can show that
[AW), Kiin] = [A@W). Kiis1Pis1] =0 (2.36)

which can in turn be used to prove that[T/(u), K iivl Pi,-+1] = (0. But since any permutation
can be expressed as a product of transpositions, we actually have

[Aw), Ki;] = [Aw), Ki;Pj] = [T'w), Ki;P;] =0. (2.37)
Now the quantum determinant of 7" () having already been calculated as
Au+21)
Det T u)| = ——— 2.38
o[T' ()] N (2.38)

one can use the property (2.37) to factorize the projection and calculate the quantum determinant
of T'(u) as [18]

Dety[T'(1)] = Dety[TH{T" (u)}] = M{Dety[T' ()]} = n{%}. (2.39)
u

In principle, one can extract the {J;} set from this formula but the result is highly cumbersome.
It is much simpler to focus instead on A (). Indeed, the relations (2.35) and (2.37) also imply
[Aw), Aw)] =[A®m), A(w)] =0 (2.40)

where A(u) = T1{A(u)}. One can therefore define a simple set of commuting operators by
using Em ln[A(u)] as their generating function [7]:

[ﬁm,ﬁg]=0 EZ
{77} = in[(ﬁi)’"}.

i=I

(2.41)
[Hu, H]=0 H,

By virtue of (2.39), this new set is obviously equivalent to the {J,,} set and from now on, we
will focus on the sets {I,,} and {H,,}.

3. The dynamical Calogero model

In order to obtain the Hamiltonian spin-chain conservation laws, one must first consider an
N-body dynamical Calogero model in which the particles are chosen to have unit mass and are
allowed to move along the line, under the influence of a position-space exchange interaction
and subject to a harmonic confinement

7o _ 1 = 1 s(g—nKy) 1, 2
:52 52:: R, 2 ZR, 3.1
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The integrability of this model has been demonstrated, for example, in [20] by means of the
operators

N
— | N
D; EPj+«/—1gZEKjki«/—lej (3.2)
ol
which satisfy (_ ) , in addition to the commutation properties
(D, D, ] 0
" S (3.3)
— _:F A ~ .
[Di y D]] =:|:2w8,, h+gZKik ﬂ:(l —(Sij)Za)gK,-j.
ot
From these, one can define [21] the Dunkl operator D; = F57 +hw
_—— i'+ V=1g—(Pi+ P;) —w Ie,»-
§ o R " ,Z:{ gRij( 2 g} !
i j#kA J#
N N
—hK;;
P2 =Y 88 —Ky) | g2 (3.4)
= RijRji
J#
(where here and hereafter, we use the notation K [ H" ] K,j,jﬂ). The deformation
parameter of this Dunkl operator is A = —2wg; it therefore satlsﬁes the commutation relation
[5,‘, 5]] = —2wg(5, - ﬁj)le,-j. (35)
The representation of the Yangian algebra induced by this Dunkl operator is given by
N
-y s
N
, hg g
2 T
= E.E;E + EE) {— — P+ P;
o —¢ ”Zkf D ,;( ) {ngj e n) 66

Its associated mono_dromy Eatrix then allows us to generate two non-trivial involutive sets of
operators, denoted Z,, and H,, (calligraphic symbols being used for the charges pertaining to
the dynamical model). Their first member is given explicitly by

Ll

D = 2H 7 — wg Z K (3.7)
i,j=1

N

>
N

Z(D +20wg Z K,J> = 2H . (3.8)

Jj=1
j<i

—(CO) . . . . . .
Because 7 isincluded in {H,} and these essentially arise from an expansion of the quantum

. —(CcC o .
determinant, the symmetry of 7 under the monodromy matrix induced by this Dunkl
operator is manifest. This means that both the Z,, and H,, sets constitute involutive invariants
for this dynamical model. Moreover, the basic relations (3.3) can be shown [20] to imply

(CC) n =+ n
[HY, D;)"] = +nheo (D) (3.9
thereby furnishing a set of creation operators from which the spectrum can be readily obtained.
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4. The Frahm-Polychronakos spin chain

The Frahm—Polychronakos spin-chain model is defined by equation (1.2). In this expression,
the x; are the zeros of the Hermite polynomials. In this section, we will consider a generalized
version of the FP Hamiltonian H (7):

H(r) = 2 !

21.,].:] rijrji
in which r is a set of unconstrained position eigenvalues, in order to see explicitly how the
Yangian symmetry picks up the particular FP model, i.e. how it enforces r; = x;. In the
following, the (potential) conserved charges pertaining to this general version of the spin chain
that are inherited from the dynamical model will be denoted by Z\? (r) and HY (r). The
subindex O refers to an 7i-expansion to be explained shortly.

In order to generate a candidate symmetry algebra for this generalized model, we consider
the position-space representation of the dynamical Calogero model, in which, from now on,

P;. (4.1)

we set o = g = 1. The spin part of H is simply isolated as the linear %-piece of the
Hamiltonian. More generally, the spin part is obtained by differentiating the Hamiltonian with
respect to i and, since the kinetic term is quadratic in %, setting 7 = 0O at the end. This ignores
the fact that the zeros should be fixed at particular positions, but nevertheless suggests that one
should consider the 7i-expansion of the Dunkl operators and the related conserved operators.

Let us then expand the dynamical Dunkl operator (3.4) according to D; = Dk T)fk)hk and
for the time being, concentrate on the Zeroth—order term:

N
=
D, (r) = —Z Kiji — Y Kij+ Z — +r? (4.2)
i TjkTki =1 1]
i jEkA /#' J#

Since the Dunkl algebra (3.5) is satisfied for all values of 7, 5;0) (7) is also a genuine Dunkl
operator, with deformation parameter . = —2. Now for generic ; values, the induced Y [su(n)]
representation is irreducible and its quantum determinant is therefore a trivial c-number. As a
corollary, the {H'? (r)} provide trivial conserved charges, i.e. these quantities are independent
of any exchange operators. On the other hand, the set {Z\” ()} does provide a non-trivial
involutive ensemble, its first member being given by

N N N
—(0) / o1
70 = § D, ("} ==>""Pj+) ~ +> k. (4.3)
i,j=1 ij=1"ij =1

To obtain this result, we used the identity

N, 1 L { 1 1 1 } 4
- + + =0. .
gl Tiktke 3 AL Wik ke TePej o Tk

Now, the higher-order Z\” (r) do not contain any term having the form of H(r). In other
words, this set of commuting operators has no relation at this point with the generalized model
defined by the Hamiltonian H (7). In order for the set {I,(r?) (r)} torepresent involutive invariants
for (4.1), one must enforce the invariance of H () under the corresponding Y [su(n)] algebra,
whose lower-order generators are given by

N
Q) = - Z B}

v (4.5)
oV =Y BEE) -ZET{Z_H }_ ML
i,j.k=1 AL S——

=t "ij
J#
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In other words, we require that [H (r), Qgg?l) (r)] = 0. A direct calculation [21] shows that

this holds if and only if the variables r; obey

Z = = —r,-. (4.6)

j=1 l]
J#

One can show that this condition is satisfied by the zeros (written x;) of the Hermite polynomial
Hpy (x) (cf appendix B). In fact, by judiciously substracting known summation identities [22]
for these numbers, one can generate a whole sequence of ‘higher-order’ identities, the simplest
of them being listed in appendix B; these will play a crucial role in subsequent calculations.

Inretrospect, by freezing the positions of the particles on the zeros of Hy (x), we send H (r)
on H” and thus obtain an integrable Y [su(n)]-symmetric spin chain with a non-trivial
involutive set of invariants given by

In(@) = lim T (r) = H{ (D" @)"}. @7

These are the conserved quantities first found by Polychronakos [13] (but without the Yangian
interpretation).

Moreover, defining CE = "V | E; (Z_f)m, expanding (3.9) to O(%) and setting w = g =
1, we find

(CC)( )

(A7), O]+ [HOV 0, Om] = 2mciOw). @)

(COO)

Because H (r) is scalar and K;;-invariant, the first commutator on the left-hand side

. . —(CC)(0
reduces to the action of the derivative on H( o

0 (CC)(O) 1 0 N,
B_rk{ ()} = o {Zl—]+§ }_rk—ZZ T 4.9)
Gk

This vanishes as » — « (cf the identity (B.7)) and (4.8) takes the form

(), which is given by

13 1
[5 Z K;j, CEO (ac)i| = 4m CEO(x). (4.10)
ij=1 YijXji

Taking now the projection and using the K;; P;;-invariance of the two commuted operators, we

obtain a whole set of creation operators for the FP model:

[H(FP)’ C,ﬂ = +m Cn:l: {ZE"Z< K ixk> } 4.11)
Xkt

£k
These generalize the lower-order creation operators found in [14,21]. We therefore possess
a set of non-trivial creation operators C* and conservation laws 1,,. However, as previously
pointed out, the {H?} set associated with the symmetry algebra is trivial. Since {Z\?'} does not
contain the defining Hamiltonian, a whole set of commuting conservation laws is still missing.

5. The Hamiltonian conservation laws of the FP model

Our proof for the commutativity of the conservation laws will strongly rely on the structure
of the FP Hilbert space. For the su(2) Haldane-Shastry model, the Yangian symmetry
algebra has been shown to be a direct sum of irreducible Y [su(2)] ‘motif’ representations,
each possible motif appearing with unit multiplicity [18]. This result has been obtained by
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calculating the dimensions of the Y [su(2)] motif representations as a tensor product of su(2)
spin representations and then showing that these motifs exhaust the Hilbert space. For the
su(n) case (n > 2), the motifs are not expressible as a free tensor product [21] and to our
knowledge, it has not been proved that the Y [su (n)] motifs exhaust the Hilbert space. However,
strong numerical evidence [21] suggests that the symmetry algebras for both the su (n) HS and
FP models are also a direct sum of non-degenerate motifs. In the following, we will consider
this statement to be true.

The non-degenerate character of the motifs implies that any two operators A and B
commuting with the monodromy matrix 7'(#) must also commute amongst themselves (see
e.g.,[7]). Indeed, the Hilbert space of our reducible Y [su(n)] invariant theory contains a certain
number of Yangian highest-weight states, each of which is associated with a given motif. These
highest-weight states are eigenvectors of the diagonal elements 79 (u) (a = 1...n), with
eigenvalues that completely specify the given motif. Since the motifs have unit multiplicity,
the highest-weight states 7% (u)-eigenvalues form non-degenerate sets. Now consider the two
states AB | A) and BA | A), where | A) is a Yangian highest-weight state. Since A and B
commute with T"(u), both these states will be eigenvectors of 7% (1) with the same eigenvalue.
But since these eigenvalues are non-degenerate, the two states must in fact be proportional to
one another, which implies [A, B] = 0 on any highest-weight state. In fact, since all of the
states can be generated by acting on the highest-weight states with lowering operators of the
form [, T4% (;) (with a; < b; and the A; chosen to satisfy a set of Bethe ansatz equations),
one sees that A and B will in fact commute in the entire Hilbert space.

We will now prove that the first-order terms in the -expansion of the dynamical {H,,} set
satisfy the FP Y[su(n)] symmetry and are therefore in involution. Starting from the dynamical
symmetry [Q(O.l)(r), Ho (r)] = 0 and expanding to O(h), we have

[Q0 ™). HP ()] = —[Q)y (). HLP ()] (5.1)

On the right-hand side, the commutation with Q(()l) is trivially zero, while that with Q(ll) can
be greatly simplified by appealing to the scalar nature of H) (r) and its invariance under K;;
and K ij P, ij-

oh 1[0 9
[Q (™). 1 ()] =i’jZ=1(EiE.f>T;j{a—ri(H£3)(r)) + a—rj(Hf,?)(ﬂ)}- (5-2)

To further simplify the right-hand side, we will now explicitly calculate H'? (). To this end,
let us return to the abstract Hilbert-space formalism and consider the following integral:

F,(r) = /dyl...dyN O YWV T HOR, .. Ry) |sym(r)) (5.3)

1 )

where |sym(r)) =) [75(1) - - - To(xy)and the notation HO(R; ... Ry) is used to stress

that these charges are K;;-independent. Applying H'' (R ... Ry) to the left yields

(TESN

Fu(r)= Y [dyl...dyN HO G101 v iy i)

O'ESN

= Z /d)’1 e dyy HO 51y = Fo) - - - 8GN — Fovy)

O’ESN

=Y HW oty Tow) = NUHD (1. 7v) (5.4)

(TESN
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where we have used the K;;-invariance of H\?(ry ...ry) in the last step. We therefore have
the following result:

1
HY (r) = ~7 Fn(: (5.5
On the other hand, going back to (5.3), one can express F,, () in the form
(0)
Futr) = [ dy oo 7 Z " sym(r)) (5.6)
where the modified Dunkl operator has the following explicit expression:

D, =D +2ZK
Jk=1

/<' iFjFRA

Kiji + Z sgn(i — j)K;; + Z +R2. (5.7)
/#r ,;éz

Applying now HO (R, ... Ry) to the right and using

K Isym(r)) = |sym(r)) (5.8)
FR) [sym(r)) = D f(roi) 1750, o) (5.9)
UESN
one obtains
N m
Fu(r)= > Z +ngn(z —J)+Z - +rio ¢ - (5.10)
oSy i= = Fo (ot Vo (ko (i) =1 =1 o'([)g(])
i jEkA J# J#

Considering now the (N — 1)! permutations for which o (i) = ¢, this can be rewritten as

N N N "
Fur)=(N-11)" 3" Zrkrk +ngn(z —])+Z +r€2 . (5.11)
(=1 i=l k=1 e =
U j#k#L /#' /#f

Finally, using a binomial expansion to factorize the sgn(i — j) term (i.e. the r;-independent
piece) and using (5.5), we find

N m N 1 N ) 14
HY @) =3 Cony D D DR ari (5.12)
=1 p=0 o Tiklke 0T,
U#j#k#L j#L
where
Com =+ <m> XN:{Z (N+DJ"" (5.13)
m = 37 1— . .
’ NP i=1

To complete the calculation of the commutator (5.1), we need to evaluate the action of the
derivative on H® (r) (cf (5.2)) and freeze the particle positions:

p—1
N m N N
0 —1 1
i (O] = Im >3 Cp | D
T o T =1 p=0 a1 XjkXke G5 Xy
U#j#k#L J#L
5 N
X — + +r2 Y. (5.14)
F) 2 ¢
r[ Jik=1 r/krké j=l1
t#j#k A Jj#t

In such calculations, the » — « limit is not a simple substitution and must be taken with care.
Indeed, the summation formulae for x; are valid for numbers and are therefore not preserved by
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the action of the derivatives. This means that one may take the substitution » — « and use the
simplifying identities only if the targeted expression is no longer acted upon by any derivatives.
In light of this remark, we see that we cannot simplify the second bracketed factor in (5.14)
without first carrying out the differentiation. However, we can use the formulae (B.7), (B.8)
and (B.11) to reduce the first bracketed factor right away:

— | - — + — x? —+x
= Xtk = Xkj o Xke iv ¢ = Xtk ¢
k€ J#k ,#z k#€
= —x§+(N—1)+x§=N—1. (5.15)

We are thus left with

N m 9 N
lim —{HY ()} = p(N — 1P~ — + +r2
r—z Jr; { Z:: = pm or; o TikTke ; 2 ¢

kA j#t

(5.16)

Commuting the sum over £ past the derivative and using the identity (4.4) we finally obtain

llm : {H(O)(T) _ hm Zcpm p(N — )1 — - Z + Z L +r

—
T t =1 rét j=1 lj
C#i J#i

m N
= Zc,,m p(N =112y, —ZZL3 =0 (5.17)
p=0 s i)

where we have used relation (B.9) in the last step. Substituting this result back in (5.2), we see
that the quantities Hy,, = lim,_,, H" (r) satisfy the FP Y [su(n)] symmetry. In other words,
the H,,, all commute with the monodromy matrix. As already pointed out, this implies that

they are necessarily in involution.
A compact but implicit expression for the H,,, following from the 7i-expansion of the

dynamical operators, is given by

N m—1
Hyy = lim » > M{A? (r)Bi(m) A" ()} (5.18)
r—>x =1 p=0

where

A("') _Z 1]k+ngn(l_])Kl]+Z

2
i1 VjkTki = Tij

i#j#EkFE !#I /#' (519)

BV 1
Bi(r)E;:{;j<a—n+a—m)—r—2}Ki_i.

ij

i

J#

The first two members of this set can be calculated as

N
o1
Hy = P, 5.20
> ,;1 Ll (5.20)
H. XN: { ! } +Z{ 2xy Sy ol 4}P (5.21)
4 = ijke 2 5 5, — 5 - S 3 ij. .
i jkt=1 )C,jxjkxkg)(g, I ij=1 L 3 xizj 3 l] 3 I



4210 P Mathieu and Y Xudous

Because H, = 2H ™ these involutive quantities are necessarily invariants of the FP model.
Note that in the calculation of H;, we have used the summation identities (B.8), (B.15)
and (B.16) in order to simplify the final result. We have also been able to crosscheck the
commutativity of H, and Hy by a direct computation, the details of which are given in
appendix A. It should also be pointed out that since it is impossible in quantum mechanics to
freeze the particle positions onto the lattice sites and at the same time enforce the vanishing of
their momenta, the absence of derivatives in H, and H, should not be regarded as a consequence
of the freezing procedure but as a rather impressive mathematical cancellation, whose raison
d’étre has yet to be determined. In addition, note that our limiting procedure does not generate
any odd-type conservation laws because the dynamical Calogero model simply does not possess
such symmetries. On the other hand, it is easy to see that the FP model does possess such
symmetries by verifying explicitly that it commutes with the following operators:

X9
H=Y — (5.22)
0X;
i=1 Xi
N N
, 1 3 , 1 a
Hy = (_)pi - ( )—. (5.23)
i,jZkil Xij X jkXki J 21.;1 XijXji 8x,-

Here, we have not performed any simplifications on Hs, in order to show that [H 1, H3] =0
(recall that the summation identities can only be used once all derivatives have been commuted
to the right). It therefore seems possible to generate odd-type H,,, albeit by brute force. These
odd conservation laws seem to commute amongst themselves as well as with the even H,,
although they manifestly do not possess the Yangian symmetry. This means that Haldane and
Talstra’s argument cannot be used to isolate their generating function; we have not yet found
the generating function for such a set.

6. Conclusion

Using an fi-expansion of the dynamical Calogero model, we have succeeded in constructing
an even set {H,, Hy ...} of involutive charges for the Frahm—Polychronakos spin chain, to a
large extent following the procedure of [7]. However, as these authors pointed out, we should
stress that the underlying 7i-expansion constitutes a somewhat ad hoc procedure and does not
seem to shed much light on the fundamental origin of these conservation laws. One wonders
whether the complicated limiting procedure is really necessary and whether these invariants
could not be generated in a simpler way, from an intrinsic spin-chain formulation. In addition,
we could ask whether explicit expressions for these Hamiltonian conservation laws could be
written, in analogy with those of the XXX model [23]. We definitely see a similar pattern
emerging but the expressions for the relative coefficients of the various terms appear rather
complicated. Finally, a brute force computation of H; and H3 seems to hint at the existence
of an odd set of involutive charges which does not obey the Yangian symmetry, and for which
we still lack a generating function.
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Appendix A. A direct computation of [ H,, Hy|

In this appendix, we show that the commutator [ H,, H,| vanishes by calculating it explicitly.

For compactness, let us start by expressing the conservation laws in the form

N
Hy =Y "hijP;

ij=1
N N
! ’
Hy=— E hijke Pijie + E Jij Pij
ij.k,t=1 ij=1
where
1
I’l,‘j =
Xinji
1
hijre = ————
Xij X jkXkeXei
f 2 2xixj (N ]) 4
ij =4 T3 2 —RWTUSTT 5
x;; 3 X 3 i 3

A direct calculation yields the following commutator:

[Hy, Hi] = Z (hij — him)h jkem Pijrem
i,j,k,t,m

N
—4 Z (hik — hje)hijie Pij Pre
ke

—42 ZZ(hle—hu)hl,ke (hix = hji) fij ¢ Piji-

k
b é#x/k

Defining now the cyclic sum operator
cyclic

Z SO oooxi) = fl oo xi )+ f Xy, Xig oo X, X)) oo+ (G, X
{iy...ix}

(A1)

(A.2)

(A3)

(A4)

(A.5)

(A.6)

(A7)

and using the fact that the exchange operators in (A.6) are invariant under cyclic permutations

of their indices, we can write

cyclic

N
[Hy. Hi] = 8 Z i Z {(hij = Riw) D jrem } Pijiem

ijktm i, j.k,t,m}

cyclic cyclic

N
DD Z (hir = hjo)hije} Pij Pee

ijkt i g} o

cyclic

N
—42 Z 2 Z (hie — hee)hijee — Chik — i) fij ¢ Pijk-

i,j.k {i,j.k} Z#:j.k

This commutator will therefore vanish if one can prove that

cyclic

Fi= Y {(hij = himhjem} =0

(i, ).k, t,m}

(A.8)

(A.9)
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cyclic cyclic

Fy=Y "> {(hu — hjohije} =0 (A.10)
{i.j} {k.0}
cyclic N

Fy= )" 1-2 > (hie = hedhijie + (hix — hji) fij t = 0. (A.11)
{i, ).k} =1

O£,k
The first condition (A.9) is shown to be satisfied in the following manner. First, we extract a
cyclic invariant from the sum

cyclic 1 1 1
A= > Ho-a)oe]
i joketom) UNXij o X /X jeXkeXemXmj

cyclic
1 { Xomi Xij }
Xij X jkXkeXemXmi (i, tm) XijXmj XmiXmj

cyclic X X
= hijkem Y oY } (A.12)

{i.j.k,0.m} XijXmj XmiXmj

The next few steps are just basic algebra:

cyclic 2 _ 2
Xmi — Xij
Fi = hijkem E T

XijXmjXmi

{i,j.k,,m}
cyclic
J (X + X)X — 2% Xpj
= hijkem E
{i,j.k,L,m} XijXmjXmi
cyclic
X +Xj — 2%
= hjjkem E _ . (A.13)
{i. e lm) YijXmi

Extracting once more the cyclic invariant £; ke, gives

cyclic

F1 = h%jklm Z {(xm +)Cj — 2x,~)x<,~kxkgxgm}. (A14)
{i,j.k,L,m}

This cyclic sum can then be shown to vanish by plainly writing down all of its terms. The
second condition (A.10) can be proved to hold in a similar fashion. Establishing the vanishing
of F; is a bit more tricky however. The main steps are as follows. First, we write F3 explicitly:

.
LTI 2 1 1 1 1

B=Y 12l lca-——=)- a3t
(i, 7.k | XXk o XkeXy  XieXgy XijXji  XijXjg

1 1 2 ZXin 8 1 4
o — - V(L2 S v~ )b A.15
(sz‘k xi2k><x4 3 x; 3( )x2 3)} o

ij ij

We start by using the summation identity (B.17) in order to simplify the first two terms and
notice that the last two terms in the last parentheses do not contribute. The reduced expression
is

’
LY 2 1x2—x? 1x+x 1 1
k i
b= .13 2 2 T 3t 3
(i ok LXij X jk X Xki XkjXji  Xij Xk
422 - 422 +z lesz _z );ixé } (A.16)
XXk KijXik 3 XijXik 3 Xij Xk
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The cyclic sum will also cancel the last two terms in square brackets with the subsequent two
terms so that we are left with

~ ‘l'\
P LY L xitxe 2xx 2 xx
T 3x Xk 3x2x  3xiy?
{i,j.k} ij A jkrki ijik ij>jk
1 1 cyclic cyclic
=—= + + E
3 XX e Xki i X jkXki Z(XI *i) 3x2x2 12 2x ik (x]k xk')
yr L i, j kY 11 /k ki {i,jk}

3 3 3
2 (xi +x; +Xp) . 2 (xixj —xl-xj + XX —xAxk+xkxi — XiX})

oy . 2.2 .2
3 XijX X 3 XXXk
2 (x,~ +Xx;+ xk) 2 (xi +Xx;+ Xk)x,‘/' jkXki
= ~3 + 3 5> =0. (A.17)
xijxjkxk,- )C x]kxkl

We therefore see that H, and Hs do commute, a fact which corroborates the validity of the
dynamical %-expansion used throughout this paper.

Appendix B. The zeros of the Hermite polynomials: summation identities

In this appendix, we briefly show how the lattice sites of the FP model, defined by (4.6), can
be identified with the zeros of the Hermite polynomial Hy (x) and then present a series of
summation identities which are vital for the reduction of certain expressions. Following [14],
consider then the Hermite differential equation

HY(x) — 2xH},(x) + 2N Hy (x) = 0. (B.1)

Letting x; (i = 1... N) denote the zeros of Hy (x) and evaluating (B.1) at an arbitrary zero x;
gives

Hy(x¢) = 2x¢Hy (xp). (B.2)
Factorizing Hy (x) in terms of its zeros and substituting in (B.2) generates the identity
Yol
=X (B.3)
= Xjk

k#j

As already mentioned, a number of simple summation identities generalizing the previous one
have already been discovered some time ago [22]. One can easily generate more complicated
formulae. The general procedure is the following: to increment a power to the numerator
of (B.3), we can proceed as follows:

> YLy

o N-D =Y — =Y E—ww-
= Xjk ! = Xjk = Xjk

ki Py ki

Z——x (N —=1). (B.4)
= Xjk
k#j

On the other hand, to increase a power in the denominator, the procedure is
N
So-yloymom, L L_ya 2

= Xjk Xik = XjkXik xJi Xij =1 X jkXki Xij
k] A#; ki, j ki, j
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Voo 1 | L1 N2 1 2
= =—— —— —+— | =[x —xi+—
=1 XjkXik Xij | = Xk S Xik Xij Xij Xij
ki, k] ki
(B.5)
that is
N 2
=1-=. (B.6)
= XjkXik ‘xij
ki, j

Using such procedures, one can generate a whole set of summation identities, the most
useful of them being given by

—=x (B.7)
= Xik
ki
ﬁ:l 2(N 1) L (B.8)
—_ = = — — —xl_ .
= xl.zk 3 3
i L1, (B.9)
SR
N
1 1 2 2
Z—4=E[Z(N+2)—xi][2(N—l)—xi] (B.10)
i;l xik
N X
Yo E =N (B.11)
- Xi
T
N
1 2
> %=t [Fov-n-1] (B.12)
o Xj 3 3
Y 5, 2
Y 5= e —3N-D (B.13)
o ik
N x2
k _ .3
Z £ =x; — (N —2)x; (B.14)
- Xi
T
N 2
Z =1-= (B.15)
=1 XikXkj Xij
i j Ak
N 12N+1—-x7 3
=3 -2 (B.16)
o ik ij ij
i#j i
N 2
1 _12N+1—xj I x; 4 (B.17)
7 = p) 5. T & :
Sy 3 X 2%ij X

We now notice that (B.9) is identical to (4.6), the condition for the FP model to be Y [su(n)]-
symmetric. This proves that the lattice sites of the FP model with N spins are actually the
zeros of the Hy (x) polynomial.
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